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Abstract 



We consider a quantum group interpretation of the non-anticommutative defor- 
mations in Euclidean supersymmetric theories. Twist deformations in the corre- 
1 ■ sponding superspaces and supergroups are constructed in terms of the left super- 

symmetry generators. Non-anticommutative ^-products of superfields are covariant 
^ I objects in the twist-deformed supersymmetries, and this covariance guarantees the 

J> ■ manifest invariance of superfield actions using ^-products. 
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^ ; 1 Introduction 

The most popular classical noncommutative field theory (see, e.g. review [1]) can be real- 
j> \ ized on ordinary smooth field functions f(x),g(x) on R 4 using the following pseudolocal 
representation of the ^-product : 

5_i ■ 

f*g= fe p g = fg + ^ mn d m fd n g - \$mn$rsd m d r fd n d s g + ..., 

fPg= i#mndmfd n g- (1.1) 

where x m are the coordinates of R 4 , d m = d/dx m , and $ mn are some constants ( m, n = 
1,2,3,4). All products of the functions and their derivatives in the right-hand side are 
commutative. It is evident that nonlinear interactions in these noncommutative (nonlocal) 
field theories are not invariant with respect to the standard Lorentz transformations of 
local fields. 

The quantum group structures in this noncommutative algebra of functions were found 
and analyzed in [2] -[5]. The basic point of this interpretation is connected with the twist 
operator acting on tensor products of functions 

^ = exp(P), V=y mn P m ®Pn (1-2) 
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where P m f = d m f. The strict definition of the noncommutative product is 



/ * g = ji o Ff <g> g, /J>of®g = fg 



(1.3) 



where \i is the multiplication map in the commutative algebra. Thus, this twist operator 
is the quantum-group analog of the pseudolocal operator exp(P) (1.1). 

Let us consider generators of the Poincare group P rn and M mn . By definition, the 
twist-deformed Poincare group U t (P m , M mn ) has the undeformed Lie algebra of generators; 
however, its coproduct is deformed 



The exact constructions of maps between differential operators on commutative and 
noncommutative algebras of functions were formulated in recent papers of the Munchen 
group [4]. It was shown that the ^-product (1.3) transforms covariantly in U t (P m , M mn ), 
but the Leibniz rule for deformed transformations is changed according to Eq.(1.4). 
4D-space integrals of the covariant ^-products of fields are invariant with respect to 
U t (P m: M mn ). The quadratic free interactions possess also the standard Poincare in- 
variance. 

We shall consider the quantum group interpretation of the non-anticommutative defor- 
mations in the Euclidean supersymmetric theories [6]- [8] 1 . The basic ^-product of these 
models is realized on the standard local superfields, and supersymmetry generators can 
be presented as the 1-st order differential operators on the undeformed superspace. The 
left-handed Grassmann coordinates of these superspaces do not anticommute with respect 
to the ^-product, but the basic chiral bosonic coordinates commute with all superspace 
coordinates. The non-anticommutative superspace is defined exactly as the ^-product 
algebra on ordinary functions of the superspace coordinates. The twist elements for the 
nilpotent deformations can be constructed in terms of the left supersymmetry generators. 

Section 2 is devoted to the analysis of the twist deformation of the N—(^, |) super- 
symmetry [10]. We derive the unusual Leibniz rules for the deformed transformations on 
the products of superfields or the products of component fields. Twist deformation of the 
Euclidean N=(l, 1) supersymmetry in the chiral and harmonic superspaces is considered 
in Sect. 3. The corresponding nilpotent operator V is analogous to the basic bi-differential 
operator of the N=(l, 1) deformations in Refs.[7, 8]. 

The twist interpretation allow us to understand correctly transformation properties of 
★-products of superfields by analogy with the deformed transformations of the ★-products 
of fields (1.1) in the noncommutative field theory [4]. At the level of the pseudolocal 
superfield formalism, the t-supersymmetry is equivalent to the -k-covariance principle for 
the noncommutative algebra of superfields which means the similarity of transformations 
of local superfields and their ★-products. The covariance principle allow us to obtain a 

1 Note that the alternative quantum-group deformations of supersymmetries with a more complex 
supersymmetric geometry were considered earlier [9], however, we shall not discuss these models here. 



A t {P m ) = P m ® 1 + 1 ® P m , 

A t (M mn ) = exp(-V)(M mn 1 + 1® M mn ) exp(P). 



(1.4) 
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simplified field-theoretical derivation of the unusual Leibniz rules for the deformed super- 
symmetry transformations on ^-products of superfields. Known deformed supersymmetric 
actions in the non-anticommutative superspaces are manifestly invariant with respect to 
the corresponding twist-deformed supersymmetry, and this invariance explains naturally 
all selection rules of these theories which could seem formal earlier. 

2 Twist-deformed A/=(|, |) supersymmetry 

We use the chiral coordinates z M = (y m ,9 a ,9 a ) in the Euclidean superspace R(4|2,2), 
where m — 1, 2, 3, 4, a = 1, 2, and a = 1,2. The central and antichiral 4D coordinates 
are, respectively, 

x m = y m -i9a rn 9, y m = y m -2i9a m 9 (2.1) 

and (a m ) a a are the SO(4) Weyl matrices. Note that these coordinates are pseudoreal with 
respect to the special conjugation [7] 

W=Vm, (9 a T = e a ^, (r)* = £d /*, (2.2) 

so one can use the reality condition for the even Euclidean chiral superfield <p(y,9). The 
generators of the Euclidean iV=(|, |) supersymmetry SUSY(|, |) have the following form: 

Li = Li{y) + Li{9) = \(a m a n f a (y n d m - y m d n ) + &d a - \SPjP^ 

O = 9 a d a — 9 a d a , Qa = d a , Q a = d a — 2i9 a d aa , P m = d m , (2.3) 

where {a m ) aa = £ a/3 £ a/3 ((7 m ) /3/ j, and d M = (d m ,d a ,B a ) are partial derivatives in the 

chiral coordinates. Generators , and O correspond to the automorphism group 
SU(2) i xSU(2) K xO(l,l). The SUSY(|, |) transformations can be separated as follows 

8A=-(g + G)A, g = P c + R p + Q f _, G = L x + aO + Q„ (2.4) 

Pc = c rn,Pm-, L\ = A^L^, R p = P^R a , Qe = ^Qoti Qe = ^"Qai 

where the corresponding combinations of operators and transformation parameters are 
introduced. These definitions will be convenient in the deformed supersymmetry. 

We shall use the notation S(4|2,2) or C(4|2,0) for the super commutative algebras 
of general or chiral superfields. The bilinear multiplication map /i connects the tensor 
product of superfields with the local super commutative product in S(4|2,2) 

fio A® B = AB = (-l) p(A)p(B) BA. (2.5) 

The standard coproduct map is defined on the generators of SUSY(i, |) (2.4) 

A(g)=g®l + l®g, A(G) = G ® 1 + 1 <g> G. 
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It determines the action of these generators on the tensor product of superfields and 
yields the standard Leibniz rule for supersymmetry transformations on the local product 
of superfields 5{AB) = (SA)B + A5B. 

The non-anticommutative deformation z = (y m ,9 a ,9 a ) of the coordinates of the Eu- 
clidean 7V=(|,|) superspace was considered in [6]. The basic operator relation of the 
non-anticommutative superspace is 

T a 0(§) = 6 o, *e p + e p *e a -c afi = 0, (2.6) 

where C alS are some constants. The operator superfields A(y, 9, 9) and B(y, 9, 9) with the 
antisymmetric ordering of the 9 a decomposition contain the highest terms ~ £ a p9 a * 9 13 . 
In the pseudolocal representation, we consider the usual superfields A(z) and B(z) as the 
supercommutative images of these operator superfields. The corresponding ^-product of 
superfields A(z) and B(z) is defined via the generators of the left iV=(|, 0) supersymmetry 

A * B = Ae p B = AB — \{-l)P^C a ^Q a A Q P B - ^C a/3 C a ^Q 2 A Q 2 B, 

APB = -\{-iyWC a PQ a AQ p B, P 3 = 0, (2.7) 

where p(A) is the Z 2 grading, and P is the nilpotent bi-differential operator. The deformed 
algebras S*(4|2,2) and C*(4|2, 0) use this noncommutative product for general or chiral 
superfields, respectively. 

The twist operator in this supersymmetry was introduced in [10] (see also discussions 
in [11, 14]) 

F = exp(V), V = -\C aP Q a ®Qp, 

T{A ®B) = A®B- l(-l) p(A ^C al3 Q a A <g> Q P B - ±C a/3 C a pQ 2 A <g> Q 2 B. (2.8) 
The bilinear map //* in S*(4|2, 2) can be defined via this twist operator 

A* B = /i+o A® B = fioexp(V)A(g) B, (2.9) 

so T is the quantum group analog of the pseudolocal operator e p (2.7). 

By analogy with the map between differential operators on commutative and non- 
commutative algebras of functions [4], one can easily define the corresponding differential 
operator X D on S*(4|2, 2) for any differential operator D on the supercommutative alge- 
bra. In the case of the 1-st order operator Di = £ M (z)d M , the image X Dl contains, in 
general, terms with higher derivatives on S*(4|2, 2) 

{d M *A)=d M A, M *z N )=6Z, 

(X Dl * A) = (D.A) = ^ o exp(-V)^ M (z) ® d M )(l <g> A) 

= £ M (z)*d M A + \{-lY^C^Q a e'{z)^d M QpA 

-±C a PC af3 Q 2 C(z)*d M Q 2 A (2.10) 
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where p(-Di) is the Z 2 grading of D\. For instance, the deformed images of generators Qa 
and Lf (2.3) are the following second-order differential operators on S*(4|2, 2): 

(Q a *A) = (d a - 2i9 a d aa + iC a ^d aa Q p ) -k A = Q a A, 

(PL * A) = {Li - lC^Q 7 Q a ) * A = (2.11) 

while g = g and = 0. The deformed operators can be used in the operator representa- 
tion of S*(4|2, 2) to check directly the covariance of the basic operator T a/3 (6>) (2.6) with 
respect to the transformations of the deformed supersymmetry 

§ d * T a/3 = 0, Z£ * T a(B = 5^T P(B + 5iT ap - 5 p T a/3 . (2.12) 

The Lie superalgebra of the deformed generators with hats is isomorphic to the Lie 
superalgebra of the undeformed supersymmetry generators (2.3). 

The coproduct A t (G) = e~ v A(G)e v in SUSY t (§, \) is deformed on G = Q e - + L A + aO, 
in particular, 

MQe) =Q-e®l + l®Q-e + i?*C a P(d aa ®Qp-Q a ® dpa), 
A t (L x ) = L x <g> 1 + 1 <g> L x + lC^(X a p Q a ®Q a + KQ P ® Q a ), 

A t {0) = O + O -C^Q a ®Q f] , (2.13) 

while e~ r A(g)e r = A(g) = g <%> 1 + 1 <%> g. 

Acting by the composition of and coproduct A t (Q s ) on the tensor product of 
superfields, one can obtain the following relation: 

6 E *(A *B) = -H+ o A t (Q s )A ®B = —(Q E A) *B -A* Q- e B 
-i&C^-l^daAAicQpB - Q a A*dp & B] = -Q E (A*B). (2.14) 

The last formula can be derived from the pseudolocal definition of A * B (2.7) 

5- € * (A*B) = -[Q- e , (Ae p B)] = (Q- € A)e p B + A[Q- e ,e p ]B + Ae p (Q,B). (2.15) 

Note that Eq.(2.14) can be treated as the deformed Leibniz rule for S s . 

It is important to formulate the principle of covariance of the algebra S*(4|2,2) (or 
C*(4|2,0)) with respect to all deformed transformations of SUSY t (|, |): the primary 
superfields A, B and their ^-product (A * B) transform analogously 

S G -k A = -GA = -G * A, 

5 G *(A*B) = -G(A * B) = -G*(A*B). (2.16) 

where 5q = (5 S + 5\ + S a ). In the pseudolocal formalism of the noncommutative superfield 
theory, these relations are sufficient to derive the deformed Leibniz rules. 

It is evident that the algebra S*(4|2, 2) is not covariant with respect to the undeformed 
supersymmetry, e.g., 8 E (A*B) = (5^A * B) + (A*8 E B) ^ -e^Q^A* B). 



5 



The deformed transformations act noncovariantly on the supercommutative product 
of superfields AB. For instance, it is not difficult to consider the following transformations 
of the ordinary product of the even chiral superfields: 

4* = -/i o A t (Q e -)& ® 2 = -Q e -(0i0 2 ) - i&C^idaAfa Qpfa 

-Q a <Pi dp & <f> 2 ) = 4(aia 2 ) + 0(9), 

5 X * (0!0 2 ) = -fj, O A t (Lx)4>l <g> 02 = -A^(0!0 2 ) 

-±C'"(\°Q a <j> 1 Q IT <h + KQp<t>iQ*<t>2) = k{aia 2 ) + O(0). (2.17) 

The first terms coincide with the transformations of the undeformed supersymmetry. Us- 
ing the ^-decomposition of these superfield formulas one can obtain the deformed trans- 
formations of the products of component fields, for instance, 

5 x ( ai a 2 ) = -X a p L^y)( ai a 2 ) - \C»°(\« p ^ a2 + A> pl ^ a2 ). (2.18) 

Let us consider two even chiral superfields 0i and 02 in the chiral basis 

4> l = a l + e a ^ a + 9 2 f % , (2.19) 
Qa<Pi = Aa + 29 a fi, Q 2 <pi = -4/j. 

The ^-decomposition of the ^-product of two chiral superfields depends on these compo- 
nents and constants C a/3 

$12 = 0i * 02 = B + 9 a m a + 9 2 F, (2.20) 
B = a,a 2 - \C<#i>^ - IC^C^hh, 
\$ a = ai ip 2a + a 2 i) la - C a p(fiij4 ~ f2ipi), 

F = a 1 f 2 + a 2 f 1 -^ 2a . (2.21) 

These relations can be treated as a deformed tensor calculus for chiral component mul- 
tiplets. The t-supersymmetry transformations of the composite components (2.20) are 
completely analogous to the transformations of the basic components dj, ip a i, fi 

5,8 = 0, 8 E V a = -2i?*d a6l B, 5- e F = -i^d a ^ a , 

5 X B = -X a ^ a (y)B, 5^, = X a ^ a - \$l£(y)%, 5 X F = -\$Z£(y)F. (2.22) 

These transformations are compatible with the noncovariant component transformations 
(2.18). 

The non-anticommutative deformation of the Euclidean model for an arbitrary number 
of the chiral and antichiral superfields a and a is based on the superfield action S*(<f> a , a ) 
[6]. Each term of the ^-polynomial decomposition of this action is separately invariant 
with respect to SUSY t (|, |), while the quadratic terms like f d 8 z <p a * a = f d 8 zcf) a 4> a 
possess also the undeformed supersymmetry. 
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3 Twist-deformed A/=(l, 1) supersymmetry 



The nilpotent deformations of the Euclidean N—(l, 1) supersymmetry were considered in 
the framework of the harmonic-superspace approach [7, 8]. Harmonic-superspace coordi- 
nates contain the SU(2)/U(1) harmonics uf and the chiral superspace coordinates 

z M = (Vm, 0%, 0« k ) , y m = x m + i9 k aj k (3.1) 

where the central 4D coordinates. The spinor derivatives D a and D ak in these 

coordinates are 

D k a = d h a + 2i9 Ak d aa , D ak = 8^. (3.2) 

Using harmonic projections of the Grassmann coordinates 9 ±a = u^9 ak and 9 ±a = 
u ±Qak one can define the analytic coordinates (xa,9 ± ,9 ± ). The corresponding represen- 
tation of spinor derivatives and supersymmetry generators can be found in [7, 12] . The 
bosonic part of the harmonic superspaces is R 4 x S* 2 , and the left-right Grassmann di- 
mensions of general, chiral or analytic superspaces are (4,4), (4,0) or (2,2), respectively. 
We shall use the notation S(4, 2|4, 4) for the supercommutative algebra and S*(4, 2|4, 4) 
for the non-anticommutative algebra of general harmonic superfields, respectively. 

It is convenient to use the following differential representation of the SUSY(1,1) gen- 
erators on S(4, 2j4, 4): 

T k = -9?d k + \5 k 9«d a + Q&kfa _ lS k 9 Aj d aj - ufd^ k + ffiufff*, 

Li = I&y) + 9{d k a - ^Jld k , R{ = Ri(y) + 6**84* - \5&% k , 

O = 9 k d k — 9 ak d ak , Q k = d k , Q ak = dak — 2i9 k d aa , P m = d rn (3.3) 

where L^(y) and R^y) are defined above (2.3), and partial harmonic derivatives act as 
follows d Tl u^ = 5 l k . For our purposes, it is convenient to consider the following combina- 
tions of SUSY(1,1) generators and corresponding parameters: 

g = P c + R p + Q e , G = T U + L X + Q- t + aO, (3.4) 
P c = c m,Pmi T u = UiT k , L\ = XpL^, Rp = ppR^, Q t = € k Q a , Qi = e Q ak . 

The N=(l, 1) twist operator T = exp (V) contains the nilpotent operator 

V = -\C^Q a ®Q% V 5 = (3.5) 

where C^f are some constants. The non-anticommutative product in the corresponding 
deformed algebra S*(4, 2|4,4) can be defined by equivalent formulas 

A * B = A exp(P)B = fi o exp (V)A ®B = fi ic oA®B (3.6) 

where fx and /i* are product maps for S(4, 2|4, 4) and S*(4, 2|4, 4) and P is the basic 
operator from [7, 8] 

APB = -\(-lf^C^Q k a AQ l p B = poVA®B. (3.7) 
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The non-anticommutative algebras of the N=(l,l) chiral or G-analytic superfields can 
be defined analogously. 

By analogy with Eq.(2.10), one can construct the image operator Xd ± on S*(4, 2|4, 4) 
for any 1-st order differential operator D x = £ M (z)d M on S(4, 2|4, 4). The twisted coprod- 
uct of SUSY t (l,l) A t (G) = e- p A(G)e v is deformed on G = {Q- e + T u + L x + aO), in 
particular, 

MQe) = Qe ® 1 + 1 ® Qe + i^C^d^ ® Qj - l^C^Q^ ® dp & , 

A t (T u ) = T u ® 1 + 1 ® T u - \u\C^Ql ® Q j p - \u l k CfQ{ ® Q*, 

A t (L A ) = L A ® 1 + 1 ® L A + iA|C7£7Q* ® + lA^Qj ® 

A t (C>) = O ® 1 + 1 <g> O - C fe f Q k a ® Q l p, (3.8) 

while e- p A(^)e p = A(g) for # = Q e + P c + 

The ^-products of arbitrary N—(l, 1) superfields preserve covariance with respect to 
all deformed transformations of SUSY t (l,l) 

5 G * (A * B) = o A t (G)A ®B = —G(A * £). (3.9) 

The deformed Leibniz rules can be derived directly from these covariant relations. 

The twisted supersymmetry acts noncovariantly on the super commutative product of 
superfields, for instance, 

5- e * (AB) = -no A t (Q E )A ® B 

= -Q E (AB) - i^C^i-iy^d^AQipB + i^ k C^Q i a Ad pdl B. (3.10) 

It is easy to define the t-deformed transformations on the products of the N=(l, 1) com- 
ponent fields using the corresponding Grassmann decompositions. 

In the special case of the singlet deformation [12, 13], the twist operator is defined by 
the parameter I and the SU(2)xSU(2) i invariant constant tensor 

Cg 9 = 2Ie a(S e kl => V s = -IQ l a <g> Qf. (3.11) 

The Ps-twist deformation vanishes for SU(2) and SU(2) L transformations. 

The Leibniz rules for differential operators D = (d m , D k , D^k, d/du^) are standard for 
the general Q- deformation (3.5) 

D(A * B) = (DA * B) + (-1)p( d ^ a \A * DB). (3.12) 

The ^-product preserves differential constraints of chirality, antichirality and Grass- 
mann analyticity [7, 8] . All superfield actions using ^-products in the non-anticommutative 
N = (1, 1) harmonic superspace [12, 13] are invariant with respect to the quantum group 
SUSY t (l,l), and this invariance is a natural basic principle of these deformed theories. 
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Free quadratic parts of these actions possess also the undeformed N = (1,1) supersymme- 
try. The simple examples of the superfield-density terms for the analytic hypermultiplet 
g + , q + and the U(l) gauge potential V ++ in the deformed theory are 

q + * (D ++ q + + [V ++ , q + l) + Xq + * g + ★ g+ * g+. (3.13) 

The t-supersymmetry transformations of any term L+ 4 in this density are 

5 G * Lt 4 = -(^ k Qak + u l k Tf + 1*1% + aO)L+ 4 , (3.14) 

so the analytic-superspace integrals of these variations vanish. We hope that the manifest 
SUSY t (l,l) covariance could help to prove the nonrenormalization theorems in t-deformed 
harmonic-superfield theories by analogy with the corresponding undeformed theories. 

4 Conclusions 

We analyzed the twist deformations of the Euclidean AT=(|, |) and iV=(l, 1) supersym- 
metries. By analogy with the formalism of the deformed Minkowski space [4], we construct 
explicitly the map between differential operators on ordinary and deformed superspaces 
(2.10). This map connects the standard representation for the supersymmetry generators 
with the corresponding operator representation on the deformed superspace. It is shown 
that the noncommutative ^-products of primary superfields transform covariantly in these 
t-deformed supersymmetries. This covariance is a basic principle of the superfield formal- 
ism of the deformed theories. The Grassmann-coordinate decompositions of the ^-product 
superfields define the deformed tensor calculus for the components of primary superfields. 
The ordinary supercommutative products of primary superfields or component fields are 
not covariant with respect to the deformed supersymmetries. 

Any polynomial terms of the superfield actions in the non-anticommutative N—(^, |) 
[6] and N=(l, 1) [7, 8] superspaces are manifestly invariant with respect to the correspond- 
ing t-deformed supersymmetries. The bilinear free parts of these actions are also invari- 
ant under the standard supersymmetry transformations. The deformation constants of 
the non-anticommutative superfield theories break some undeformed (super) symmetries, 
however, these parameters can be treated as 'coupling constants' compatible with the 
deformed supersymmetries. We hope that t-supersymmetries would help to analyze non- 
renormalization theorems using the superfield effective actions in these theories. 

I am grateful to P.P. Kulish for stimulating discussions of quantum-group symmetries 
in the noncommutative field theory. This work was partially supported by DFG grant 
436 RUS 113/669-2 , by RFBR grants 03-02-17440 and 04-02-04002, by NATO grant 
PST.GLG. 980302 and by grants of the Heisenberg-Landau and Votruba-Blokhintsev pro- 
grams. 
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